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Abstract 
The purpose of this thesis is  to analyze reinforced concrete deep 
beams in linear, non-linear and ultimate ranges. The finite 
element method is utilized to study the behavior of deep beams 
under monotonically increasing loads. All the major factors 
causing material non-linearity are considered.                             
Primary consideration is given to the representation of shear 
transfer mechanisms, due to aggregate interlock in cracked 
concrete and the dowel action in reinforcement. Expressions are 
derived from an analytical model in conjunction with 
experimental data to provide shear stress and stiffness values for 
special elements used to model the aggregate interlock 
mechanism. These are expressed as function of crack width, 
concrete strength and shear displacement. A comparable approach 
is used to derive expression for the dowel action mechanism. 
This is expressed in terms of the reinforcement diameter, yield 
stress, dowel displacement and crushing strength of concrete.                         
The bond-slip phenomenon between concrete and reinforcement is accounted 
for by using non-dimensional spring element. Stiffness values for such 
elements are obtained from expression based on experimental data. 
                                      
Improved isoparametric quadrilateral elements and triangular  
elements are used to represent concrete. Material response is  
assumed to be orthotropic with tangent stiffness E1, E2 derived 
from stress-strain relation for concrete under a general biaxial 
state of stress.                                                                           
The reinforcement is represented in a discrete manner. One- dimensional 
flexural elements and axial ones are used for this purpose. Material response is 
assumed to be elastic-perfectly plastic.   
Two methods of cracking representation are used: the discrete cracking 
approach and distributed cracking approach.                    
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The computer program with combined incremental-iterative method is used to 
solve the non-linear problem.                            
The results of this investigation gave good agreement with 
conclusion reached by the task committee 426 on shear and 
diagonal tension( 1)  , that in reinforced concrete deep beams bond-
slip mechanism takes the major part of shear transfer while the 
other mechanisms(aggregate interlock and dowel action) take less 
part.  This is indicated by comparing the results of this 
investigation with experimental results obtained by isreal( 2 ) .  
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CHAPTER(1) 
INTRODUCTION 
 1.1 General  
Reinforced concrete deep members often form part of a more 
complex structural system in multi-story buildings. They 
commonly take the form of shear walls ,  deep beams ,  corbels ,  
bracket,  and other configurations. The rapid increase in  the 
number  of tall buildings for both residential and commercial 
purposes has necessitated the search for analytical methods to 
achieve improved understanding of the behavior of structural 
components in such buildings. 
The main factor affecting the diffinition of deep beams is span-
depth ratio ][
H
L or ][ d
ln  where L  and Ln  are span and clear span of 
deep beam  and H,d  are depth and effective depth of deep beam . 
ACI  code stipulates that a beam can be considered deep if ][ d
ln  <5. 
Euro-international concrete committee  decided that a beam could 
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be considered deep if ][ H
L <2 or 2.5 for simply supported and 
continuous beams respectively.           
some investigator have decided that the shear span-depth ratio ][d
a   
is more meaningfull to define  a deep beam, and that a beam 
could be considered deep if ][d
a <2.5. 
The distribution of stresses in vertical section in deep 
beams(non-linear distribution) significantly deviates from that of 
shallow beams(straight line distribution).This property was one 
of  the important factors for classifing  deep beams such that 
deep beam may be defined as beam whose bending stresses 
deviate appreciably from the straight line distribution assumed in 
elementary beam theory (the normal theory of flexure based on 
Navier-Bernoully principles is not applicable).For this reason the 
ordinary beam design methods to calculate the member strength 
are inapplicable in case of deep beams.            
A meaningful analysis of reinforced concrete deep beams 
requires an analytical model which reproduces the behavior of 
the member as accurately as possible. some of difficulties 
encountered in analytical studies of the behavior of deep beams 
arise from the following: 
•  The nonhomogeneous nature of construction. 
•  Material response to load is non-linear. 
•  The non-linearity of the stress-strain relationship for           
   concrete. 
•  The continuously  changing  topology   of  concrete  due  
to       cracking. 
•  Experimental evidence indicates that the relation 
between        bond stress and bond-slip is non-linear. 
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Recent development of the finite element method of analysis 
permits consideration of members which are non homogeneous, 
defined by irrigular bounderies,  arbitrarily supported and loaded.  
The method is used to determine the internal stresses and 
displacement for reinforced concrete members subjected to 
progressively increasing load,with recognition for several sources 
of non-linearity. The resulting model permits accounting for 
•  The influence of reinforcement. 
•  Changing topology due to progressive cracking. 
•  Realistic bond  stress  transfer  between concrete and           
  reinforcement. 
Incremental loading permits study of member behavior throught 
the entire range from zero  to ultimate loads. 
 
1.2 Thesis Outlines: 
A literature survey is presented in chapter (2) summarizing the 
current knowledge related to experimental and analytical 
previous work in reinforced concrete deep beams . The behavior 
of reinforced concrete deep beams under different type of loading  
including the effect of web reinforcement, span/depth ratio, shear 
span/depth ratio, concrete strength and other factors  related to 
shear capacity is studied. 
 
In this research an analytical model based on experimental results 
of Dulaska( 3)  and Fenwick Paulay( 4)  is  used to simulate dowel 
action and aggregate interlock mechanisms this work is described 
in chapter(3).  In these models a dowel bar is treated as beam on 
elastic foundation while aggregate interlock is modeled by  
idealization of irregulasr crack surface. Linkage elements are 
employed to model these mechanisms by releasing the pairs of 
node defined along discrete crack when cracking is detected. 
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This investigation also explores various finite element models in 
order to achieve the non-linear behavior of reinforced concrete 
deep beam. All the sources of non-linearity mentioned in chapter 
(4) are accounted for. A discretized system consisting of plane 
stress elements and one-dimensional elements, modeling the 
concrete and reinforcement, respectively, is constructed for 
analysis. The plane stress elements used are improved 
isoparametric quadrilateral elements. The main reinforcement is 
represented by one-dimensional flexural elements while one-
dimensional axial elements are used to model the web 
reinforcement. Elastic-perfectly plastic material response is 
assumed for steel.  Special emphasis is placed on the 
representation of cracking and modeling of the post-cracking 
shear transfer mechanism. The members are assumed to be acted 
upon by monotonically increasing live loads. Two methods of 
crack modeling are considered as mentioned in chapter (4): 
distributed cracking approach and discrete cracking approach. In 
some cases the use of discrete cracking is sufficient.  In other 
cases the use of discrete cracking in conjunction with distributed 
cracking approach proved to be necessary if a realistic prediction 
of a member’s response is sought.  
 
A constitutive relation for concrete based on the analytical and 
experimental investigations of Lui and Tasuji is used to describe 
the behavior of concrete under a different state of stresses as 
mentioned in chapter (5).  
 
The computer program with a combined incremental-iterative 
numerical method  is used to solve the non-linear problem. This 
consists of applying the external load in a number of increments. 
Specified number of iterations to bring mount of equilibrium 
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violation to a tolerable limit follows each load increment. The 
stiffness matrix is updated at the beginning of each load 
increment. Convergence of solution checked by either the nodal 
displacement criterion or the unbalanced load criterion.   
 
The validity of the proposed finite element models is tested by 
comparing the results obtained from analysis with the     
corresponding experimental ones as mentioned in chapter(6).                          
 
 
 
 
 
 
 
                                   CHAPTER (2) 
LIRERATURE REVIEW 
 
The research investigation of shear strength of reinforced 
concrete deep beams is divided into two parts: experimental 
investigation supported by statistical correlation’s to get shear 
capacity equation fitting the experimental data, and analytical 
investigation using finite element to simulate the non-linearity 
and cracking of concrete.  
 
2.1 Review of Experimental Investigation 
De Pavia and Siess( 5 ) ,described an experimental investigation on 
the shear strength and behavior of some moderately reinforced 
concrete deep beams by loading these beams at third points .  
The main factors considered in this investigation are: 
 Amount of tension reinforcement. 
 Concrete strength. 
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 Amount of web reinforcement.  
 Span-depth ratio.  
They concluded that for reinforced concrete deep beams without 
web reinforcement there is a high load capacity beyond the 
diagonal cracking and that the addition of vertical stirrup and 
inclined bars have little effect on the ultimate strength .Also they 
showed the fact that the concrete strength had no effect on the 
ultimate strength of beams failing in flexure. 
 
Gergely( 6)  performed an experimental model to study the 
contribution of aggregate interlock and dowel action to post 
cracking shear capacity of reinforced beams with no web 
reinforcement. Gergely estimated contribution of aggregate 
iterlock to be 40% to 60% of the total shear and that of dowel 
action was estimated to be 20% to 25% of the total shear. It  was 
also concluded that the dowel action is the main factor causing 
splitting along main reinforcement in beam without web 
reinforcement.  
 
Taylor( 7 )  conducted several experiments to investigate the effect 
of aggregate interlock and dowel action by studying the factors 
affecting the two mechanisms.  
To simulate the aggregate interlock Taylor used two types of 
specimens: 
• Block tests.         
• Beam tests.  
The main factors included in these tests to study their influences 
in aggregate interlock mechanism are: 
1- The displacement ratio ∆N/∆S ,  where ∆N  is the displacement  
normal to the crack  (crack width), and ∆S  is the horizontal  
displacement (shear displacement). 
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2- Concrete strength.  
3- Aggregate size.  
4- Aggregate type. 
The block test has the advantage that it  requires less 
sophisticated set-up and measuring devices, and is also more 
economic and consumes less time than the beam test.  But the 
beam test is useful in obtaining more reliable results about 
aggregate interlock mechanism.  
For dowel action mechanism Taylor considered the following 
factors:  
1- Concrete strength. 
2- Shear span. 
3- Crack width.  
4- Concrete cover. 
The main purpose of this work was to establish complete dowel 
load-displacement curves, and to estimate the contribution of 
shear resisting mechanism in reinforced concrete beam without 
web reinforcement.  
Their results were as follows: 
Compression zone       20 - 40%  
Aggregate interlock     33 - 50%  
Dowel action              15 - 25%  
 
Paulay and Loeber( 8 ) ,  concluded that the crack width is the most 
important factor affecting the aggregate interlock shear stiffness 
and that the aggregate shape and size had very little influence on 
shear stress-displacement relationships.  
 
Kong et al ( 9 ) ,performed an experimental investigation to study 
the effect of different percentage of web reinforcement in thirty 
five normal weight concrete deep beams. The beams were tested 
under two-point loading. It was found that the effectiveness of 
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various web reinforcement depended on the span/depth ratio ][ H
L  
and clear shear span/depth ratio ][d
a .  for low ][ H
L  and ][d
a  ratios, 
horizontal web reinforcement gave the best results.  
Another detailing of web reinforcement was studied 
experimentally and reported by   Kong et al( 1 1 )  consisting of 
inclined bars. He found that web reinforcement was an effective 
type of reinforcement to increase shear strength of reinforced 
concrete deep beams and also to control deflection and cracking.  
 
Kong and Robins( 1 1) ,carried out tests on simply supported light 
weight concrete deep beams, and they developed an equation that 
calculates the ultimate load for normal weight concrete deep 
beams. This equation is not necessarily suitable for normal 
weight concrete beams.  
 
Further experimental work on lightweight concrete deep beams 
was reported by Kong and Robins( 1 2) .  They revised their previous 
equation in two factors: the ][d
a  ratio explicitly allowed for, and 
they used concrete cylinder splitting tensile strength ,  f t  ,as they 
though that the concrete contribution to the ultimate shear 
strength is much more directly related to f t  than cylinder 
compressive strength fc .  Their tests showed that the clear shear 
span/depth ratio ][d
a  had greater effect on cracking and ultimate 
loads than span/depth ratio ][ H
L .  
 
Smith and Vantsiotis ( 1 3 )carried out tests for simply supported 
reinforced concrete deep beams under two symmetrical point 
loads.  
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These tests revealed the following results: 
1-An increase in shear capacity was observed with increasing 
concrete strength and decreasing shear span-depth ratio.  
2-The increase in ultimate shear strength and in diagonal 
cracking load was attributed to the arch action for specimens 
with a shear span-depth ratio less than 2.5. 
3-Vertical stirrup became more effective with the greater 
span/depth ratio.  
4-Horizontal web reinforcement was more efficient in beams with 
shear span/depth ratio less than 1.0.  
5-Web reinforcement had no effect in controlling the diagonal 
cracking load and cracking patterns for beam with or without web 
reinforcement.  
Kang-Hai tan et al( 1 4 )performed experimental tests on reinforced 
concrete deep beams with high strength concrete under two 
symmetrical top loading considering two main variables; shear 
span-depth ratio and span-depth ratio.  
The conclusions of this test are : 
1-Span depth ratio has little influence in  failure load for beam 
with ][d
a >1  
2-The flexural failure became dominant with increasing 
span/depth ratio  
3-The results of these tests insure safe design for higher strength 
deep beams compared with prediction based on ACI building 
code for concrete strength less than 41 Mpa.  
 
Ashraf( 1 5 )carried out tests on reinforced concrete continuous deep 
beams considering shear-span/depth ratio, amount and type of 
web reinforcement and amount of main longitudinal 
reinforcement as main parameter of these tests. 
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He concluded that the vertical web reinforcement had more 
influence on shear capacity than horizontal web reinforcement .  
He also compared his results with ACI Building code and CIRIA 
code but it showed little agreement. 
 
Kang-Hai Tan et al ( 1 6 ) reported experimental tests for reinforced 
concrete deep beams with cylinder compressive strength of 
generally exceeding 55 Mpa and  main longitudinal reinforcement 
ratio ρ  and shear span/depth ratio as main parameter of these 
tests .     
The beams were organized into four groups with reinforcement 
ratio   ρ=0.2 ,  2.58 ,  4.08 and 5.8 percent.  The beams were tested 
for different span-depth ratio ][d
a ,  ranging from 0.28 to 3.14.  
He concluded that :  
1-The failure mode was chiefly influenced by the ][d
a  ratio and 
the effect of reinforcement ratio was not significant. The beam 
will fail in: 
•  Bearing mode for ][d
a <0.28  
•  Shear compression mode for  0.28< ][d
a <1.12  
•  Diagonal tension mode for  1.12< ][d
a <2.26  
•  Shear tension mode for  ][d
a >2.26 
2- Increasing of  ρ  beyond 2% did not significantly increase the 
shear strength of HSC deep beams. Thus this value represents a 
practical upper limit in maximizing the main reinforcement to 
augment the shear strength .  
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Fenwick and Paulay( 4)  conducted an extensive experimental 
investigation to study the nature ,  significance and parameters 
affecting the aggregate interlock mechanism . The parameters 
included in their work are concrete compressive strength σco  and 
crack width ∆N ,  which was kept constant at 0.0075 inch .                  
They observed that the concrete strength is a significant 
parameter influencing the maximum shear stress level and shear 
stiffness. Using regression analysis of their experimental  results,   
shear stress is expressed as following:  
. . . .……….... . . .2.1)436.0)(409.07115.0)(41.8467.0( NSCO
N
v ∆−∆−−∆= σ  
Where 
=Shear stress                                                                          v 
S∆ = Shear displacement in inches 
The shear stiffness A ,  of the cracked concrete is obtained by 
differentiating eq.(2.1) with respect to shear displacement ∆ s         
……….……….…….... .2.2)409.07115.0)(41.8467.0( −−∆=∆∂
∂= co
NS
vA σ 
Rearranging 
………………..….……….2.3)409.07115.0)(01.181(467.0 −−∆= coNA σ
According to their results these equations are valid for crack 
width range from 0.0025 to 0.015 inch ,  σco  in (ksi) and A  in 
(ksi/in).  
          
Houde and Mirza( 1 7)  in their study of shear strength of reinforced 
concrete beams, conducted an experimental program to establish 
force-displacement relation-ship at cracking due to aggregate 
interlock, the parameters considered are:                                     
1-Crack width ∆N  
2-Concrete strength σco  
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3-Maximum aggregate size                                                     
 
Houd and Mirza suggested the following shear stress-
displacement relation-ship: 
………….………………………………….……..2.4SNv ∆∆= − 5.1057.0 
……..……..…………….………….2.5inksivA N
S
/057.0 5.1−∆=∆∂
∂=
Where A ,  the shear stiffness, is obtained by differentiating            
 .                                                  S∆ eq.(2.4) with respect to 
A more general equation suggested by Houde and Mirza to cover 
the range of crack width below ∆N  = 0.002  inch .  
……….……….……………………….……….2.6
2
2
3
1 G
GGA
N
+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∆
−=
λ
 
Where G  is the elastic shear modulus of uncracked concrete and  λ  
is a constant.  
 
Both of the above models are valid for limited crack width and 
this necessitates the search for an analytical aggregate interlock 
model for wider range of crack widths.                                                         
In their study of the post cracking shear resistance mechanism in 
reinforced concrete beams with diagonal tension cracks Ngo et 
al ( 1 8 )  modeled dowel action by using the concept of effective 
dowel action length, which is the length over which the bond 
assumed to be destroyed, and they assumed an effective dowel 
action length to be two inches. This means using constant dowel 
stiffness over the entire post-cracking.                                                          
Based on experimental results Taylar suggested the following 
equation for peak dowel force Df  in kips:                                     
……………………………….…….…2.7toisf CCD σ∑ +−= 2) ]([1.004.2 
Where  
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σ t o  = Splitting tensile strength of concrete.  
Cs  = Side cover to bars. 
Ci  = Distance between the bars. 
Another expression suggested by Taylor to fit  the dowel force 
displacement curves obtained experimentally is:  
…………………………………………………..……2.825.048.3 ∆= fDD 
Where 
D= Dowel force  (kips).  
Df =Cracking force (kips).  
∆= Dowel displacement ( inch). 
 
The dowel stiffness Ds  may be obtained by differentiating 
eq.(2.8) with respect to ∆ :  
………………………………………………..2.975.087.0 −∆=∆∂
∂= fs DDD 
 
Houde and Mirza based on experimental result suggested the 
following expression for Dowel cracking force Df :                                
 
……………..………...…………..…2.10)]([)(400.0 3/1 iscof CCD += ∑σ 
 
Also they suggested the following linear dowel force-
displacement relation-ship:                                                                          
………………………….…………………………..…2.11∆= fDD 2000 
  
The dowel displacement, which corresponds to the peak dowel 
inchs .                               4105 −×=∆c force (cracking force)was   
      
The dowel stiffness DS  may be obtained by differentiating 
eq.(2.11) with respect to ∆ :                                                                          
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……………………...……….…..…...……...…2.12
fs D
DD 2000=∆∂
∂= 
Where Ds  is expressed in kips/in  
 
The models viewed above have succeeded in providing useful 
information on the dowel mechanism but are limited to shallow 
beams, where the dowel failure is caused primarily by splitting 
along the main reinforcement.  
                                                                                   
2.2 Review of Analytical Investigation 
The first attempt to use an analytical approach (finite element 
method) to model reinforced concrete beams up to failure was 
made by Ngo and Scordelis( 1 9 ) .  They used two dimensional 
constant strain triangular elements to model the concrete and 
steel as shown in fig 2.1(c). The bond-slip phenomenon was 
represented by special zero-length linkage elements connecting 
the plane element of concrete to those of steel at discrete points 
as shown in fig.2.1(b).Discrete cracking was considered in this 
model such that diagonal cracks were represented by separating 
elements on either side of the crack (by assigning two nodes, 
occupying the same coordinates in space, along the crack).         
This investigation was not intended to explore the behavior of 
reinforced concrete beams in the non-linear and ultimate ranges 
and therefore, the materials properties were considered to be 
linear.                                                                                      
The main shortcoming of this model is: 
 Linearity of material.  
 Neglecting the effect of post-cracking shear 
resisting mechanism (aggregate interlock and dowel 
action) in shear capacity. 
 Absence of the effect of web reinforcement. 
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 Difficulty to simulate bond slip mechanism due to 
the type of steel idealization. 
 
Nilson( 2 0)  extended the work of Ngo and Scordelis by adding 
some considerations to their model in (material properties, 
concrete and steel modeling and finite element technique).                             
 Material properties were considered to be non-
linear. 
 Concrete and steel were idealized by using 
improved quadrilateral plane stress finite elements.  
 Discrete cracking was considered in this model 
to model the diagonal cracking. 
 An incremental method is used to reload the 
structure after cracking. 
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Ngo, Franklin and Scordelis ( 2 1 )  introduced some refinement to 
this model by representing concrete and steel with quadrilateral 
elements and introducing the effect of stirrups, represented by 
one dimensional bar elements. Also they studied the post–
cracking shear mechanism by using a linkage element of zero-
dimension to simulate aggregate interlock mechanism and 
assuming that shear forces transferred by dowel action in main 
reinforcement can be carried by portion of this reinforcement.      
The main disadvantage of this model is that non-linear behavior 
of reinforced concrete beam is not considered.                                      
An important conclusion of this study is the significant 
contribution by dowel action and interface shear transfer to the 
total shear capacity of shallow beams, There is some reservation 
due to the existence of predefined diagonal crack from the start 
of loading.                                                                                
Houde and Mirza studied the non-linear behavior of reinforced 
concrete beam and the relative contributions of shear forces 
transferred by aggregate interlock and dowel action to the total 
shear capacity but there is no account of bond-slip mechanism in 
their model due to the type of idealization of reinforcement.                           
Basic considerations of Houde and Merza model: 
 For material properties a non-linear uniaxial stress-
strain relation was used for concrete in compression and a 
linear relation in tension. 
 Concrete was idealized by quadrilateral plane 
elements as well as triangular ones while the 
reinforcement was represented by quadrilateral elements.  
 Discrete cracking was considered in this model for 
diagonal cracking. 
 
Franklin( 2 2 )  suggested two types of finite element models:             
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In the first model the beam is divided into number of special type 
of frame elements with depth equal to the depth of the beam, 
These frame elements are then subdivided into ten layers, and 
with maximum number of reinforcement layers equal to four over 
this depth.                                                                                 
Basic considerations of the first model are: 
 Progressive distributed cracking was assumed to 
occur over frame elements. 
 Its ability to represent bond slip mechanism and no 
account is taken for the aggregate interlocking and dowel 
action mechanism. 
 This model is effective only for vertical cracks 
(frame element model was incapable of producing diagonal 
cracks). 
 An incremental method is used in this research to 
reload the beam after cracking. 
In the second model materials are assumed to be non-linear and 
bond-slip mechanism is considered but no account is taken for 
the aggregate interlock and dowel action.                                                      
Basic considerations of the second model are: 
 Concrete is modeled as quadrilateral plane 
stress elements and the steel as one dimensional bar 
elements. 
 Distributed cracking in this work is used to 
model the diagonal cracking.  
Franklin analytical models were stiffer than the actual beams.  
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CHAPTER (3) 
MODELLING OF SHEAR MECHANISM AND POST 
CRACKING 
There are three main mechanisms for shear transfer that can 
develop after cracking of reinforced concrete members: 
 The shear force mechanism that is transferred across 
cracks (aggregate interlock). 
 Shear force that develops in the reinforcement (dowel 
action). 
•  The stress transfer mechanism, which results in the 
interaction of concrete and steel (bond-slip). 
 
3.1 Aggregate Interlock        
For the  aggregate interlock mechanism the surfaces of crack, 
which develop in concrete member, are usually irregular and 
rough. The occurrence of shear displacements parallel to the 
direction of such crack results in the transfer of shear forces by 
aggregate interlock from one side of crack to other side. 
 
The main factors affecting the performance of this mechanism 
are:  
1-Size of contact area between the surface of crack 
which depends primarily on crack width and shear 
displacement parallel to the crack .As shear 
displacement increases the contact area increases and as 
crack width decreases the contact area increases.  
2-The force displacement characteristic of aggregate 
asperities through which the shear forces are transferred 
depends on:                                                    
•  Compressive strength of concrete.          
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•  Type of aggregate.                                               
  Size of aggregate.                                   
3.1.1 Proposed Analytical Model of Aggregate Interlock 
Mechanism 
In this research an analytical model simulating the aggregate 
interlock mechanism is proposed. The primary parameters 
considered in this model are: 
• Crack width N∆  
•  Shear displacement S∆  
•  Compressive strength 0Cσ  
The first step in constructing an analytical model must therefore 
be the idealization of the irregular crack surface. The possible 
idealization  profile is shown in Fig.3.1 below  
 
 
It  consists of tooth like asperities having uniform geometrical 
properties along the entire crack. This idealization is chosen to 
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simplify the task of constructing an analytical model. A free- 
body diagram of the internal stresses acting on the idealized 
crack surface as shown in Fig.3.1are of two types: 
 
•  Stress normal to the crack surface 
•  Shear stress component tangential to the crack 
surface 
   
The horizontal equilibrium condition is given by: 
)sincos( θσθσ sskV Ns += …………….………….……………….….3.1 
Where: 
sσ = Shear stress along the crack surface. 
Nσ =Stress normal to the crack surface.  
 s =Contact surface area for one idealized asperity. 
 θ  =Angle between idealized crack surface and horizontal axis. 
 k= Number of mobilized asperities along entire crack. 
 
The vertical equilibrium condition is given by: 
θσθσ cossin ss Ns = …………………………………………….…..…3.2 
or 
θσσ tansN = ………………………..…………….……………..……3.3 
 By substituting eq.(3.3) in eq.(3.1) 
sksV θσsec= ……………………..………..……………………….…3.4 
 
In this research the non-linear relationship below is suggested(as 
that of Nilson).  
m
S Rξσ 1= .………………………………………………………..….3.5 
where: 
Sσ = Amount of slip along inclined crack surface. 
1R ,m  = Parameters to be obtained from experimental data. 
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ks  =  Total contact area along the entire surface of crack. 
From Fig.3.2.  
 
 
2/122 )( NS ∆+∆=ξ ………………………………………….…………3.6 
where : 
S∆ =Shear displacement.  
N∆ =Crack width.  
A linear relation is assumed to exist between ks and S∆  :  
SRks ∆= 2 …………………………………………………………...3.7 
where 
s∆ ,R2= Parameters to be obtained from experimental data. 
By substituting eq.(3.5)and eq.(3.7) in eq.(3.4) 
S
n
NSCv ∆∆+∆= )( 22 ………………………………………………....3.8 
Where: 
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ShearA
RRC θsec21= …………………………………………………..…..…3.9 
and n=0.5                                                                                                   
The shear stiffness A of cracked concrete is obtained by 
differentiating eq.(3.8) with respect to S∆ : 
12222 ))(]21([ −∆+∆∆+∆+=∆∂
∂= nNSNS
S
nCvA ……………..……………..3.10                   
 eq.(3.8) and eq.(3.10) express the shear stress and shear stiffness 
as non-linear function of the crack width ∆N  and shear 
displacement ∆ s .  The only unknown parameters in this equation 
are C  and n ,  which can be obtained from experimental work. 
            
The experimental data used in this research are these parameters 
adopted by Fenwick and paulay.  
The main parameters of their experimental work are:                     
1-Crack width. 
2-Compressive strength. 
 
Firstly concrete strength is assumed to be constant with value 
4.81 ksi  and the crack width varies between (0.0025-0.015 inch).  
The relation between vu  and ∆N  can be obtained from Fig.3.3.  
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Where 
 =uv Shear stress at failure. 
ksiforCv coNu 81.4)42.103.0(1 =∆−= σ …………..….……………..3.11 
 
Secondly crack width is assumed to be constant with a value of 
0.0075inch. The relation-ship between vu  and compressive 
strength 0Cσ  can be obtained from Fig.3.4.                                                     
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This relation can be expressed by 
inchforv Ncou 0075.0,031.00576.0 =∆+= σ …………….…………….3.12 
 
We can find parameter C1  by substituting maximum shear stress 
vu  corresponding and ∆ N=0.0075 inch the following equation    
)42.103.0/(1 NuvC ∆−= ……..…………………………………..……3.13 
Which gives 22.0/1 uvC = …………………………..……………..3.14 
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By substituting eq (3.12) in eq.(3.14) 
coC σ1413.0262.01 += ………….…………………………………....3.15 
 
This equation is plotted in Fig.3.5 and the values of parameter  C1  
based on shear stress-displacement curves corresponding to ∆N= 
0.0075 inch .  This equation can be applied to other crack widths.                     
 
The relation between the shear displacements ∆ s u  corresponding 
to maximum shear stress vu  can be obtained from Fig.3.6 
corresponding to crack width between (0.0025-0.015 inch) using 
method of least-square. This relation can be written as follow:                       
Nsu ∆+=∆ − 638.010*517.7 4 …………..………………..…………….3.16 
 
 33
By considering boundary conditions of shear stress-displacement 
curves given in Fig.3.7 in conjunction with equations above the 
unknown parameters C  and n  can be obtained as follows: 
 
a /  suS ∆=∆       when       uvv =  
 Substituting the expression above in eq.(3.8)  
⇒∆∆+∆= − sunNsuu Cv )( 22        nNsusuu
vC −∆+∆∆= )( 22 …………………....3.17 
 
b/ at inception of loading 
0=S ,    0AA =            for 0NN =      
 Substituting the expression above in eq.(3.17) 
 
 
 
n
NAC
2
0 )( 0
−∆= …………………………………………………..………..3.18 
 Equating eq.(3.17) and eq.(3.18) 
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)ln(
)ln(
2
22
0
N
Nsu
suA
uv
n
∆
∆+∆
∆=
…………………………………..…………….....3.19 
 
The value of v  and A can be obtained by the following procedure:                   
1/Calculate C1  from eq.(3.15).                                             
2/Calculate vu  by substituting C1  in eq.(3.11).  
3/Calculate ∆ s u  from eq.(3.16).                          
4/Calculate n by substituting vu  and ∆ s u  in eq.(3.19).  
5/Calculate C  by substituting n  in eq.(3.18). 
Then obtained the value of v  and A  by substituting n  and C  in 
eq.(3.8) and eq.(3.10) respectively.                                                              
 
This approach of aggregate interlock modeling is used in 
connection with discrete cracking. Linkage elements are used to 
lock or release the node pairs defined along discrete crack .The 
two orthogonal fictitious springs stiffness kh  and kv  are assigned 
values when cracking is detected in elements adjacent to the 
node-pairs,                      
kh = as A 
kv = 0       
Where  
 as  = cracked surface area corresponding to a linkage element .                        
This modeling can not be used in connection with distributed 
cracking because of difficulty of obtaining ∆N  and ∆ s  due to the 
assumption of displacement continuity across crack in this 
approach, and eq.(3.10) can not  be applied to determine shear 
stiffness.                                                                                                    
To solve this problem many investigators use the concept of 
reduced shear modulus G .  This concept may be explained as 
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follow: when cracking occurs, the shear term is reduced by a 
certain factor to account for capacity of cracked concrete to carry 
shear by aggregate interlock.                                                                       
The choice of this factor was determined by trying several 
reduction factors and selecting the factor, which gives prediction 
closet to experimental results.  In this research a proposal for an 
expression for G  suggested by Nilson is selected .The main 
concept of this proposal can be explained as follow: 
  Tensile strain normal to crack ε1  may be used to define 
the reduced shear modulus G .           
  The change of G  with ε1  should be rapid and non-linear.  
  At failure of member the value of G  becomes very small 
(this is to reflect the fact that at failure, the cracks become 
too wide to be able to transfer a significant amount of shear 
stresses).  
  The following relation between G-ε1  is  suggested by 
Nilson: 
011 tforGG εε <= ……………………………………………………..…3.20 
01
0
1
1 /4.0 t
t
forGG εεε
ε ≥= ……….……………………………………...….3.21 
Where 
  0tε = Cracking tensile strain.  
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  This relation assumes that at inception of cracking 
(when ε1  =ε t 0)  the shear modulus G  is reduced to 40% of 
shear modulus of uncracked concrete G  by substituting the 
value of ε1  in eq.(3.20).  
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  When ε1  is  increase and reaches the value (ε1 = 5ε t 0)  at 
failure the shear modulus reduces to 0.08 G  by substituting 
the value of  in eq.(3.21) 
The main function of this model was to reach a reliable estimate 
of the contribution of aggregate interlock to total shear resistance 
in beams. 
 
Factors affecting this mechanism are: 
a- Concrete compressive strength.  
b- Crack width. 
 
The post-cracking shear resistance mechanism to aggregate 
interlock has attracted considerable research effort in recent 
years. In this regard, the finite element method has played a 
prominent role.  
 
The mode of representation of aggregate interlock mechanism in 
finite element model depends on the type of crack and type of 
model used. Across discrete crack, special linkage elements with 
orthogonal fictitious spring are used. A nonlinear stiffness 
characterization for such springs is derived from an analytical 
model in conjunction with experimental data. In cases where 
distributed cracking is employed, a reduced shear stiffness G is 
employed in the constitutive relation of cracked concrete. A non-
linear expression relating G  to the tensile strain normal to the 
crack direction is proposed. 
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3.2Dowel Action Mechanism 
The reinforcement provided to carry tensile forces along its axis 
can also resists forces normal to its axis. This occurs when such 
reinforcement crosses sufficiently open crack. This additional 
resistance is known as dowel action mechanism.  
There are many factors affecting this mechanism: 
a- Reinforcement ratio   As/bd.  
b- Reinforcement bar diameter.  
c- Yield strength of reinforcement bar  fy .  
d - Angle between the bar and the normal to the crack surface.  
e- Concrete compressive strength  fcu .    
f-  Shear span. 
 
3.2.1 Proposed Analytical Model of Dowel Action Mechanism  
In this research an analytical model similar to that of Nilson is 
used. This model is based on experimental results of Dulacska 
which simulate dowel action mechanism as follows: 
A dowel bar is embedded in concrete and can be treated as a 
semi-infinite beam on elastic foundation as shown in Fig. 3.10. 
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The bar is assumed to be fixed freely over crushed portion of 
concrete. The dimension C  defines the extent of this crushing and 
is expressed as follows: 
 
δφσ
σγ sin
co
yC = ………………………………….……..……………3.22 
Where C  and φ  are expressed in inches and σy  and σco  in ksi  and γ  
is a dimensionless constant to be obtained from experimental 
data. This expression is based on the following assumptions: 
1/ The higher concrete strength the lower amount of crushing C .   
2/ The amount of crushing C  increases as quantity φσy  (which 
reflect the bar rigidity) increases. 
3/ Direct dependency is assumed to exit between C  and angle of 
inclination δ  expressed in the form sinδ .  The implication of this 
is that no crushing occurs when δ=0 ,when the bar is  
perpendicular to the shear plane, and that as δ  increases the 
dimension C increases.  
The stress distribution beneath the dowel bar is shown in 
Fig.3.11. It  is  governed by following expression: 
t
xt
x
etDq 2cos
2 πππ −= ……………………..……………..……………3.23 
 
Where 
D  = Dowel force applied at the shear plane.  
 t  = Distance along the bar defined in Fig.3.11.     
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it  is possible to replace the actual stress distribution in 
Fig.3.11(b) by simpler one using equivalent rectangular stress 
blocks as shown in Fig.3.11(c) the stress intensity can be obtain 
from the following expression: 
qdxttqe 0
1 ∫= …………..………………………………….………….3.24 
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for  x=0  to t                       
by substituting eq.3.23 into eq.3.24 
.)/(208.1
2
cos21 0 inkt
Ddx
t
xt
x
e
t
Dt
t
qe =
−
∫= π
ππ ………………….... . . .…….3.25 
for x=t  to 3t   
.)/(
2
217.0
2
cos2
2
1 3 ink
t
ddx
t
xt
x
e
t
Dttt
qe
−=
−
∫= π
ππ .………………..……..3.26 
for x=3t   to  5t    
.)/(2
009.0 inkt
Dqe =  ……………………………………...………….3.27 
(This value is very small compared with other values; therefore 
stresses in region tx 3≥  may be neglected). In this modeling 
Dulascka neglected all the stresses in the region tx ≥ and 
considered the stress block in region tx ≤   
    2
2
* xqxDM e−= …………..….…………………………………..3.28 
Maximum bending moment occurs at a point where the shear 
(V=dM/dx)=0 .  
0)208.1(* =−=−= xt
DDxqDV e …………………….……....……..3.29 
Which gives x= 0.82t  
The distribution of radial stresses along the circumference of the 
dowel bar is shown in Fig3.11. This distribution is governed by 
the following equation: 
θσσ cos0=r ………………………………………….…………..….3.30 
Where 
 θ  = Angle defined in Fig.3.10. 
σ0  = Radial stress at angleφ,  in ksi   
σ r  = Max. radial stress which occurs at  θ  =0 , in ksi                                         
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θθφσπ dq re cos2 220∫= ………….………………………...………….3.31 
θθπφσ dt D
2200 cos208.1 ∫= ………..……….………………………...3.32 
where 
0
650.0 φσDt = ……………………………..……………………….…3.33 
ACI Code specifies that pσ  should not exceed 1.445 toσ ,  and 
eq.(3.33) becomes                                                                                      
0
5.0
c
fDt φσ= ……………..………………………….………………..3.34 
where  
 Df  = The dowel force at failure.                                                                   
Max. external moment can be obtain by calculating the area under 
curve in Fig.3.11  
M= area of rectangular + area of triangular 
)41.0(*82.0* 2 tCD
D
tDCM f
f
f +=+= ………………….…………3.35 
This moment is resisted internally by plastic yield moment PyM   
 ypyM σφ 36
1= ypZ σ=  ……………………...…………………….…3.36     
where 
 Zp  = Plastic modulus of section                                         
 Equating eq.(3.35) to eq.(3.36) gives 
                
yf tcD σφ 361)41.0( =+ …………….……………………….………...3.37 
 Substituting the values of  C, t  given by eq.(3.22) and eq.(3.34) 
respectively in eq.(3.37) the following quadratic equation can be 
obtained 
0167.0)sin(205.0 0
322 =−+ cyfyf DD σσφδφγσ ……………….………3.38 
 Dulascka( 3)  estimated the parameter γ  to be equal to 0.05. 
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The solution of eq.(3.38) is: 
]1
sin
67.541[sin13.0 2
2 −+= δσ
σδφσ
y
co
yfD ………………..……………...3.39 
For δ=0 ,  and  
coyfD σσφ 292.0= ………………………….………………………3.40 
The dowel force–displacement relation is:  
5.0
2
0
1
3 )]tan([10
3 πσφ fC D
DD=∆ …...……………..……………..……….3.41 
Several determinate forms of D-∆  relations may be used to fit the 
experimental response of D-∆ .  In this research the following 
polynomial is  suggested: 
∆∆+= )( 21 mCCD …………………………….……………………3.42   
Where C1 ,  C2  and m are parameters to be obtained from 
experimental data .The dowel stiffness Ds  may be obtained by 
differentiating the above expression with respect to ∆ :  
m
S mCCDD ∆++=∆∂
∂= )1(21 …………..…………….……….……….3.43 
By considering the boundary condition of a typical dowel force- 
displacement obtain experimentally, the following can be 
noticed:  
1/ at the initiation 0SS DD =  when 0=∆  
2/ when the dowel force reaches the maximum value Df  the dowel 
displacement reaches a value f∆=∆   
3/ when dowel force exceeds Df  the D-∆  becomes flat,  the dowel 
stiffness DS  reduces to zero: 
By substituting these three condition in eq.(3.42) and eq.(3.43)   
the values of  C1 ,C2 and  m  can be obtained as follows: 
01 SDC =  
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1
0
1
−
=
Sf
S
D
Dm
 
Where  
sfD = Secant dowel stiffness at failure.  
f
f
sf
D
D ∆= …………………………...……………………………....3.44 
./6670 inkDs =  
The initial dowel stiffness Ds 0 may be estimated to be  667 k/in 
C1  = 667 
C2  = 1208 
m = 0.198 
∆∆−= )1208667( 198.0D ………….…………….………………..……3.45 
This expression is plotted in Fig.3.12 and gives good results 
compared with several experimental curves done by Dulacska.  
 
 
 
Linkage elements similar to those used in connection with 
aggregate interlock mechanism are employed to model the dowel 
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action mechanism. Upon the formation of discrete crack, a dowel 
stiffness Ds  defined by equation is assigned to the fictitious 
spring parallel to crack  
sh DK =  
0=vK  
Thus it  can be concluded that the stiffness of the dowel action 
can be calculated from eq.(3.43) .   
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3.3 Bond Slip Mechanism: 
The interaction between the reinforcement and concrete in 
reinforced concrete structures occurs by means of shear transfer 
mechanism known as bond. This bond between the steel and 
concrete at the interface does not remain intact,  resulting in 
relative movement (slip) between the two components. 
The importance of including such a bond-slip mechanism in a 
finite element model is due to its direct influence on the width 
and spacing of tensile cracks as well as the distribution of stress 
in partially cracked concrete. 
Factors affecting this mechanism: 
1- Compressive strength of concrete σco .  
2- Peak bond stress  (ksi) .  
3-Distance from the end of specimen to the face of crack C as 
shown in Fig.3.14. 
 
3.3.1 Proposed Analytical Model of Bond-slip Mechanism  
The transfer of stress by bond between concrete and steel is most 
difficult to model realistically. In this research an analytical 
model simulating the bond slip mechanism proposed by Nilson is 
used. Closely spaced spring linkages are used. Each linkage 
contain two springs, one acting parallel to the bar axis and the 
other acting perpendicular to it  as shown in Fig.3.15, Every short 
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segment of the bar is directly joined to the adjacent bar segments, 
and is connected to the adjacent concrete by the linkage springs. 
The dimension of each spring may be reduced to zero 
(dimensions less linkage). In the practical cases, it  is usually 
convenient to specify one such linkage at the top of a bar 
segments, and one at the bottom, considering bond in its usual 
sense, only longitudinal spring needs to be included. 
 
 
Basic assumptions of this model: 
 Non linear materials properties 
 Non homogeneity 
 Non linear bond slip relations 
 Local bond destruction 
 
 Local slip must be obtained indirectly. It  is  defined as the 
difference between steel displacement and concrete displacement 
in the direction of the bar axis at any section. Steel displacement 
is found from measured strains, while concrete displacement is 
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estimated from experimental work by measuring slip at the face 
of the tested specimens. 
 In this work a bond slip equation is derived indirectly from 
experiments reported by Bresler and Bertero( 2 4) .  Nilson has 
conducted such an experimental program and obtained 
information of direct relevance to finite element model. Nilson 
found that the peak bond stress Up  is proportional to the distance 
from the end of the specimen C   (or the face of crack) as shown 
in Fig.3.14. This relation was presented by: 
)5.143.1(0316.0
0
+= CU
C
P
σ ……………...……………….………....3.46 
A bond stress–curve for C=6in established by Nilson and the 
same curve for different value of C  obtained by Houde and Mirza 
is plotted in Fig.3.16  
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But for purpose of simplicity, the influence of C  be may 
neglected and the bond stress-slip curve of Nilson with C= 6inch 
is used and the two following relations are obtained: 
10)5.27255.7(0316.0 23
0
<≤+−= αααασ for
U
c
….…………..……3.47 
1)5.221525(0316.0 23
0
≥++= αααασ for
U
c
……………………..….3.48 
U  = bond stress,  ksi  
P∆
∆=α ……………………………………………………………………3.49 
 where 
α=Normalized slip 
∆=Slip, inch. 
∆p =  Slip at peak bond stress, inch. 
The dotted line in Fig3.16 is a plot of these two polynomials and 
is very close to experimental curve. To establish the non linear 
bond stiffness Eq.(3.47) is differentiated with respect to α   
)5.27505.22(0316.0 20 ++∆=∆∂
∂= αασ
P
c
s
UB …………..……..….….3.50 
equivalent spring linkage stiffness  can be obtained by 
multiplying the above expression  by the surface area tributary to 
one linkage to obtain stiffness in proper units.  
ssh ABK =  ……………………………………………………….…3.51         
  Where 
 As  = surface area of reinforcement bar 
 
In this modeling it is assumed no appreciable relative 
displacement normal to the bar occurs. Therefore stiffness value 
Kv=10Kh  is used in this research to impose this condition. 
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                                    CHAPTER(4) 
FINITE ELEMENT MODELING 
4.1 Basic Concepts 
The finite element method is a numerical technique for obtaining 
approximate solution to variety of engineering problems. During 
the last fifty years many problems in aeronautical,  civil,  
mechanical and nuclear engineering, which required the 
determination of static as well as dynamic response, have been 
solved by the finite element method.                                                            
The basic concept in the finite element method is to find the 
solution of a complicated problem by replacing it  by a simpler 
one. This is done by modeling analytically a continuous structure 
and subdividing it into regions or elements. Each element is 
described by a separate functional representation. These 
subdivisions considered to be interconnected at specified joints, 
which are called nodes or nodal points usually lying on the 
element boundaries where adjacent elements considered to be 
connected. In totality, these subdivisions follow the behavior of 
the real continuous structure with a certain marginal error 
inherent in the method itself,  l ike any other numerical method. 
The amount of such an error depends primarily on the functional 
representation (modeling) chosen to best resemble the continuous 
behavior of actual structure,  and upon the size of element relative 
to the size of the region studied.  
The application of the finite element method to non-linear 
problems results in more numerical operations compared to linear 
problems. However, recent developments of the digital computers 
overcome this point.                                             
Since the finite method uses a substitute structure whose parts 
are, in a sense, pieces of actual structure, solutions of 
complicated problems are expected to be approximate .In most 
complicated problems approximate solutions are acceptable as the 
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exact solutions are too elaborate or rather impossible to obtain. 
The non-linear problems must satisfy the fundamental conditions 
of equilibrium, compatibility and constitutive relations of 
material.  The non-linear solution is obtained by solving a series 
of linear problems such that at the final stage appropriate non-
linear condition are satisfied.                                                                   
 
4.2 Non-linear Analysis 
Non-linearity which occur in structures are of two types: 
• Geometric non-linearity 
• Material non-linearity 
The first is  caused by large displacements in the structure, the 
second results from non-linearity in materials (stress-strain 
relationship). The geometric non–linearity is of very little 
importance in reinforced concrete structures because the 
displacements in such structures are generally small.  In this 
research this type of non-linearity is neglected and only the 
effects of material non-linearity are considered.   
The main sources of material non-linearity in reinforced concrete 
structures are: 
•  Cracking of concrete 
• Yielding of reinforcement 
• Non-linear stress-strain relation for concrete 
• Concrete-reinforcement interaction (bond-
slip),  and interface shear transfer due to 
aggregate interlocking and dowel action. 
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4.3 Non-linear Numerical Techniques using Finite Element 
Method 
The solution of non-linear problems by the finite element method 
is usually attempted by one of three basic techniques:  
   1- Incremental,  or stepwise procedures                                                       
   2- Iterative or Newton methods      
   3- Step-iterative or mixed procedures     
 
The basis of incremental procedure is the division of load into 
many small increments, which are not necessarily equal. During 
the application of each load increment, the stiffness matrix is 
assumed to be fixed, linear relation between load and 
displacement is assumed. The displacement resulting from load 
increments are accumulated to give the total displacement at 
stage of loading. This process is repeated until  the total load is 
reached. Using small increments improve the accuracy of the 
method but results in more computational effort.  
 
In the iterative procedure the full load is applied to the structure 
and the internal stresses are computed.  A load system equivalent 
to the computed stresses is evaluated and checked against the 
applied loading system. Since an approximate stiffness matrix is 
used, residual forces result due the lack of equilibrium. These 
residual forces are then applied to the structure to restore 
equilibrium and additional displacements are computed. The 
process is repeated until the residuals are sufficiently small.   
 
The mixed procedure utilizes a combination of the incremental 
and iterative schemes. The load is applied incrementally, but 
after each load increment successive i terations are performed 
until  equilibrium is achieved to an acceptable level of accuracy. 
This procedure tends to minimize the disadvantages of previous 
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two methods and yields higher accuracy but needs more 
computational effort.   
 
The non-linear numerical method used in this investigation can 
be identified as combined incremental-constant stiffness iterative 
method (mixed procedure).  
It  is evident from the procedure outlined above that the global 
stiffness matrix is updated only at the beginning of each load 
increment and maintained unaltered throughout the iterative 
process. The other alternative is to update the stiffness matrix 
after each iteration but need more computational effort. 
 
4.4 Selection of Element and Representation of Cracking 
 The choice of the type of elements to idealize a certain structure 
depends not only on its load-carrying characteristics, but also in 
its geometry, degree of accuracy and admissibility conditions. 
 The primary features of structures to be studied in this research 
are: 
•  Composite nature of reinforced concrete.  
•  The interaction between the reinforcement and 
concrete (bond slip).  
•  The shear resistance mechanism, which 
develops after cracking (Aggregate interlock + 
dowel action).                  
 
A proper representation of these characteristics requires the 
employment of three types of elements: 
1- Plane elements to represent concrete.  
2- Line elements to represent the reinforcement.  
3-Linkage elements to represent the reinforcement-concrete 
interaction and post cracking shear mechanism. 
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4.5 Modeling of Steel Reinforcement 
In developing a finite element method of a reinforced concrete 
member, one of the following three alternative representations of 
reinforcement may be used: 
1- Distributed 
2- discrete                                                                                        
3- embedded 
 
In the case of a distributed representation, the steel assumed to 
be distributed over the concrete elements, with particular 
orientation angle θ .  Perfect bond between steel and concrete is 
assumed so that a composite concrete-reinforcement constitutive 
relation can be derived. Distributed representation, though easy 
to implement, is very unrealistic as the reinforcing bars are no 
longer uniaxial members embedded inside the concrete and 
bonded to it .  
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 A discrete representation of reinforcement, using one-
dimensional elements has been widely used. Both axial and beam 
elements may be used. Axial elements are assume to be pin 
connected with two degrees of freedom at nodal points while for 
the beam elements three degrees of freedom are assigned at the 
ends.                                                                                                     
 
The discrete representation, in addition to its simplicity, has a 
significant advantage of accounting for possible displacement of 
the reinforcement with respect to surrounding concrete. The main 
disadvantage of this technique is that it requires a very fine mesh 
to enable each bar to lie on a boundary of the brick element. 
An embedded representation may be used in connection with high 
order isoparametric elements. The reinforcing bar is considered 
to act as an axial member built into the isoparametric element 
such that its displacements are consistent with those of the basic 
element. The main advantage of this technique is in placing the 
steel in its exact position irrespective of the choice of the mesh. 
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In this research one-dimensional discrete elements are employed 
to model reinforcement.  This discrete form of representation is 
chosen due to its simplicity and its ability to account adequately 
for dowel action and bond slip mechanism. The main 
reinforcement is idealized by flexural elements (beam elements) 
since it  is  capable of resisting bending and direct shear.                                
The secondary reinforcement (side bars and web reinforcement) 
is idealized by axial elements (truss elements) the x-sectional 
area of such reinforcement is small and therefore its  flexural 
rigidity maybe neglected.                                                                             
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4.6 Modeling of Concrete 
A structural member whose thickness is small compared to its 
span or depth and is primarily loaded by in-plane forces can be 
model by two-dimensional elements. The stress state in such 
elements is defined in term of three stress components; σx ,  σy  and 
σxy.  
Stresses, normal to the plane of the elements, are considered 
negligible. Several types of plane stress elements are commonly 
used.  
1- Constant triangular element 
2- Plane isoparametric quadrilateral 
3- High order isoparametric element 
 
Constant triangular elements have enjoyed considerable appeal 
for their simplicity as well as their ability to idealize structure 
with irregular boundaries. 
 
The main disadvantage of these elements stem from: 
•  Their uniform strain field and hence stress field; the 
stress results obtained usually require interpretation and 
averaging  
• Mesh-dependency, a structural response obtained from 
certain mesh configuration may differ from that obtained 
from other meshes. 
 
Isoparametric quadrilateral element have enjoyed for increase the 
mesh size and reduces the number of degrees of freedom, which 
results in significant reduction of computational effort.  Also 
improved stress values can be obtained since the strains, and 
therefore the stresses, vary linearly within each element. 
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The main disadvantage of these elements is their poor behavior in 
representing pure bending. 
 
4.6.1 Plane Isoparametric Quadrilateral: 
The quadrilateral considered here has eight degrees of freedom; 
each node has two degree of freedom, uxi  and uyi .  The element 
has local coordinate system s-t ,  which is non-dimensional: s  and t  
vary from -1 to 1. 
  
Fig. 4.4 Plane Stress Linear Isoparametric quadrilateral Element 
 
The local and global coordinate systems are related as follows: 
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Where     
               X,Y =  The global coordinates.   
              xi,yi   = The local coordinates.  
              hi      = Interpolation function. 
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ih  is  defined as: 
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General representation for interpolation function can be written 
as follows: 
ih 4
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Where  (s,t) are the coordinates of node i 
 
The above interpolation functions can also be used to define 
displacement within the element (Local system) in term of nodal 
displacements (global system). 
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Formulation of strain-displacement for two-dimensional 
deformation can be written as: 
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Subsequently, we will need to express the derivatives of function 
in x,y coordinates in terms of its derivatives in s,t  coordinates. 
This is done as follows: A function f(x,y)  can be considered to be 
an implicit function of s  and t  as f= f[x(s,t),y(s,t)].  Using the 
chain rule of differential,  we have 
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Where  
J=Jacobian matrix to transfer variable from x-y  plane to s-t  plane.                  
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A major disadvantage of linear isoparametric quadrilateral is its  
poor behavior under pure bending as shown in fig.4.5. This 
involves the addition to displacement fields, defined by eq.(4.13) 
and eq.(4.14) corrective displacement function of the form: 
)1()1( 22
2
1 tsU X −+−= αα ……………...……………………………….4.13 
    )1()1( 24
2
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Complete displacement field of the improved element is as 
follows: 
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Where 
α1 ,α2 ,α3 ,α4  =The constants which constitute additional degrees 
of freedom. 
 
 
The additional degrees of freedom increase the size of stiffness 
matrix to12×12.Since α1 ,  α4  constitute displacement amplitudes 
relative to the displacements of the corner nodes; they can be 
condensed by minimizing the strain energy on the element level.  
To achieve this, the static condensation method can be used by 
partitioning the12×12 stiffness matrix:    
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[ ] [ ]α][][ 12111 KUKP += .…………….…………….…...…..…………4.18 
[ ] [ ]α][][ 22212 KUKP += ……………….……………..…………………….4.19 
 
The strain energy of the element is: 
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For minimum strain energy: 
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By substituting eq.(4.22) into eq.(4.18) we can obtain the 
following expression: 
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Where  [K]=8×8 modified stiffness matrix 
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Where 
ii ts , = Integration points. 
ji ww , = Weight factors corresponding to ii ts , . 
C= Material stiffness matrix. 
),( ii tsB =Strain displacement matrix. 
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4.6.2 Constant Strain Triangular Element 
The Plane triangular element considered here has six degrees of 
freedom. Each node has two degrees of freedom. The numbering 
of nodes counterclockwise is shown in Fig.4.7. 
 
 
ii
ii
yNY
xNX
∑
∑
=
=
 
332211 yNyNyNY ++=  
3
3
2
2
1
1
321
321
000
000
y
x
y
x
y
x
NNN
NNN
Y
X = ………………………….………..4.26 
Where 
 Ni= Shape function. 
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jki xx −=γ …...…………………………………………………………..4.30 
 
yaxaau
yaxaau
y
x
654
321
++=
++=
 
 
33
22
11
1
1
1
yx
yx
yx
3
2
1
3
2
1
x
x
x
u
u
u
a
a
a
= …………………………………………………4.31 
 
e
e
e
Axxuxxuxxua
Ayyuyyuyyua
Ayxyxuyxyxuyxyxua
2/)]()()([
2/)]()()([
2/)]()()([
1233122313
2131323212
12213
3113
2
2332
11
−+−+−=
−+−+−=
−+−+−=
 
 
33
22
11
1
1
1
yx
yx
yx
3
2
1
6
5
4
y
y
y
u
u
u
a
a
a
= . .……………………………………………….4.32 
33
22
11
1
1
1
2
yx
yx
yx
Ae = …………………………………………………………4.33 
e
e
e
Axxuxxuxxua
Ayyuyyuyyua
Ayxyxuyxyxuyxyxua
2/)]()()([
2/)]()()([
2/)]()()([
1263152346
2161353245
1221631135233244
−+−+−=
−+−+−=
−+−+−=
 
 
)122131132332 ()()(2 yxyxyxyxyxyxAe −+−+−=  
The displacement function UX,UY  can be expressed in terms of 
nodal displacements as follow: 
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Formulation of strain-displacement for two-dimensional 
deformation can be written as follows: 
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From the knowledge of the area of triangle, it  can see that the 
magnitude of det J  is twice the area of the triangle. If  points 1, 2, 
3 are ordered in counterclockwise manner, det J  is positive in 
sign. We have: 
jA det5.0=  ………………………………………………………….4.41 
 
                   In this research plane isoparametric quadrilaterals 
with eight degree of freedom will be adopted. A modified version  
of this element is used to improved behavior under pure bending. 
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4.7 Modeling of Link Elements  
 Two-dimensional link elements having two orthogonal fictitious 
springs are used to model the bond slip, aggregate interlock and 
dowel action phenomena. Ngo and Scordelis introduced firstly 
the link element to allow a slip relationship between two initially 
coincident nodes. Fig.4.8 below shows such an element oriented 
at some angle θ  relative to the global coordinate system. 
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The stiffness matrix K    in global coordinates is: 
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Where   
θθ 2211 sincos vh kkk += ……………..…………………….………………4.43 
θθ sincos)(12 vh kkk −= …………….………….…………………………..4.44 
θθ 2222 cossin vh kkk += ……………..……….……………………………4.45 
 
The link stiffness matrix is general and can be applied to any of 
the phenomenon mentioned above by assigning appropriate 
stiffness value. 
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4.8 Modeling of Cracking  
One of important source of material non-linearity in reinforced 
concrete  member is cracking of concrete. However, an adequate 
representation of cracking in finite element mode required 
considerable effort.  This is due to difficulty, which arises from 
the continued propagation of cracks with increasing load. 
Most reinforced concrete finite element models have been 
developed according to two distinct cracking representation 
methods: 
• Discrete cracking method. 
•  Distributed cracking method. 
 
4.8.1 Discrete Crack Method 
In the first method the displacement discontinuities across crack 
are accounted for by disconnecting elements at nodal points 
along their boundaries as shown in Fig. 4.9.  
 
Fig. 4.9   Discrete Crack Representation 
 
The main problem in this approach, however, is  the difficulty, 
which arises from introduction of additional nodal points 
required by altered topology of analytical model.  These 
additional degrees of freedom result in greater bandwidth in 
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global stiffness matrix. This leads to an unjustifiable increase in 
the computational effort required to solve the stiffness equation. 
There are two strategies by which this method of crack modeling 
may be implemented. In the first,  the analysis is terminated when 
tensile cracking is detected. The topology of the structure is then 
redefined; the nodal points are renumbered such that the input 
data is updated to the new topology .The solution process is then 
continues until  further cracking is detected. This strategy is 
lengthy and is considered impractical as an analytical tool. 
The second strategy involves the definition of two or four nodes 
occupying the same coordinates in space as shown in Fig.4.10 
and Fig4.11 respectively, these nodes are initially rigidly joined 
until  cracking is detected in adjacent elements. When this occurs 
the nodes are released by reducing the stiffness of linkage to 
zero. In cases where the modeling of post-cracking shear 
resistance mechanisms is desired, these stiff linkages are 
replaced by ones corresponding to aggregate interlock and or 
dowel action. 
One-Dimensional Cracking         Two-Dimensional Cracking 
                    Fig.4.10                           Fig4.11 
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The difference between defining two or four nodes in probable 
cracking regions depends on the pattern of cracking anticipated.  
If the cracking is expected to develop in two directions, a 
situation that may arise from cyclic loading, for example then the 
four nodes must be used. One directional cracking, however, 
requires only two nodes. This situation generally is obtained in 
case where the load is increase monotonically to failure. 
As the high stiffness values of linkages are reduced to stiffness 
values corresponding to aggregate interlock and/or dowel action 
linkages to release the rigidly connected nodes, the excess tensile 
forces in the linkages are converted into nodal forces, which will  
be referred to as unbalanced forces. These unbalanced forces are 
applied to the system in the next cycle (iteration) so as to 
distribute the excess tensile stresses to adjacent elements. 
Advantage of discrete cracking can be summarized as follow: 
1-It is more realistic representation of cracking. 
2-It is better to simulate the aggregate interlock and dowel action 
mechanism. 
 
The disadvantage of this type of representation: 
1-It requires a continuously changing definition of topology as 
cracking progress. 
2-Cracking direction is dependent on mesh geometry and the type 
of elements used. 
 
4.8.2 Distributed Cracking Method  
This method achieves a stress discontinuity state consistent with 
the existence of crack. When the principal tensile strain in an 
element exceeds a failure criterion, the stiffness of element is  
reduced to zero in the direction of principal strain. Elements are 
cracked in this manner are postulated to be incapable of carrying 
stresses normal to cracked direction see Fig.4.12. These stresses 
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are converted into nodal forces (unbalanced forces).  These forces 
are applied to the structure in the next cycle (iteration) so as to 
distribute the released tensile forces to adjacent element.                               
 
 
Advantage of distributed cracking: 
1-No change in the topology as cracking progress. 
2-Complete generality in regard to cracking direction, 
independent of mesh geometry and the type of elements used. 
 
The main disadvantage of this method: 
1-It cannot provide a realistic prediction of distribution of strain, 
and therefore stresses in region adjacent to cracks. 
2-The aggregate interlock and dowel action mechanism cannot be 
realistically incorporated. 
 
Both of these cracking representations are employed in this  
analysis either individually or simultaneously. The first is 
adopted for realistic modeling of dowel action and aggregate 
interlock mechanisms and the second, for the advantage of 
achieving automatic crack propagation with a relatively small  
effort.  
 
 77
4.9 Solution Strategy using an Incremental-Iterative Method 
1- apply a load increment and analyze the structure using the 
updated stiffness matrix. 
2- From the resulting displacement increments determined in the 
analysis of previous load increment, calculate the strain 
increments (δε i )  and add it  to existing strains (ε i - 1).  
iii εεε ∂+= −1  
3- from these strains calculates the stresses. 
4- Using the current stresses and strains (σ i ,ε i  ) check all the 
elements against any failure criterion. 
5- Calculate new stiffness values. 
6-For each element,  calculate the unbalanced loads resulting from 
material failure or change in stiffness values. 
7- Assemble the global unbalanced load vector. 
8-Check the current displacement increments and or current 
unbalanced loads vector for convergence. If the solution 
converges or prespecified   maximum number of iteration has 
been exceeded, go to   step 1,if divergence is indicated,  stop the 
solution. 
9-If the solution has not converged or prespecified max.number 
of iteration has not been exceeded reanalyze the structure for 
unbalanced load vector. In this analysis the stiffness matrix used 
at the beginning of the load increment is employed. After 
obtaining the displacement-increment due to the unbalanced load 
go to step 2.   
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CHAPTER(5) 
CONCRETE CONSITUTITIVE RELATIONS 
 
5.1 Biaxial Stress-strain Relation-ship 
In this research constitutive relation for concrete based on the 
analytical and experimental investigation of Lui and Tasuji(2 4)  is 
used. An analytical characterizations in conjunction with 
experimental data are postulated to describe the behavior of 
concrete under a following biaxial state of stresses: 
 Tension-Tension 
 Tension-Compression 
 Compression-Compression 
 
Material response is assumed to be orthotropic. The tangent 
stiffness values E1  and E2  corresponding to the principal strains 
ε1  and ε2  respectively are derived from a stress-strain relation 
advanced by Lui and Tasuji.  
For elastic analysis stresses and the strains are related as follows: 
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Where 
E= Initial uniaxial modulus of elasticity. 
ν= Poisson’s ratio. 
σ ,ε= Stress and strain in one of principle direction. 
α=Stresses-ratio; the ratio of the stress in perpendicular direction 
to that in the direction considered. 
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For non-linear analysis eq.(5.1) can be modified as follows: 
)1)(1 2( εενα εσ DC EBA ++− += …………………………….…………………....5.2 
The constant A, B, C and D can be defined from the boundary 
condition as following: 
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Where  
Es  = Secant modulus of elasticity at peak stress. 
σp ,εp = Stress and strain at peak point.  
E,εp ,ν ,σp  are the unknowns in eq.  (5.3) and they can be obtained 
from experimental data.  
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Where i=1,2 
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5.2 Biaxial Stress Failure Envelope and Corresponding Strains 
To establish a valid failure criterion for plain concrete in all  
combinations of biaxial stress, an experimental investigation was 
conducted by Tasuji et al ( 2 4 ) .  This work is an earlier extension of 
experimental investigation by Lui et al( 2 5 )  l imited to the biaxial 
compression state of stress. 
From the test result obtained, a biaxial failure envelope was 
developed as shown in Fig.5.1.  
 
For purpose of simplicity, a bi-linear approximation of the 
envelope was suggested as shown in Fig.5.2 
 81
 
 
Also Tasuji obtained strain values corresponding to peak stresses 
in three regions of biaxial stress as shown in Fig.5.3.These strain 
values are approximated by straight lines using method of least 
square (these approximations are applicable only to the range of 
biaxial stress ratios tested).  
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The strain values are expressed in term of σp/σc0 ,σp/σ t 0  for 
compression and tension direction respectively.Fig.5.4 and 
Fig.5.5 give the relation between these strains and peak stresses 
for the two directions. 
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The adjusted strain values represented by dotted lines can be 
expressed in terms of the strain εp c,  εp t  corresponding to uniaxial 
peak stress in compression and tension respectively. 
 
5.2.1 Biaxial Compression-Compression 
3
1
10)76.0100076.0( −×−×+= α
ε
ε pcp …………………………………..…………...5.8 
(Direction of absolute minimum compression) 
PcP εε = …………………………………………………………….……………………...5.9
(Direction of absolute maximum compression) 
 
5.2.2 Biaxial Compression-Tension 
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5.2.3 Biaxial Tension-Tension 
ptp εε = ………………………..…………………….……………………..5.12
(in direction of maximum tension)  
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(in direction of minimum tension) 
Where 
1
2
1 σ
σα =
………………………………………………………………...….5.14 
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2
1
2 σ
σα = …………………………………….……………….……………..5.15 
σ t 0 ,εp t= Uniaxial tensile stress and strain respectively at peak    
point.  
σc0 ,εp c= Uniaxial compressive stress and strain respectively at 
peak point.  
 
5.3 Failure Criteria 
The criteria used to detect failure are based on strains 
corresponding to peak stresses. Material failure can be detected 
by checking principal strain against their limiting values.  
Principal strains can be obtain according to the following 
iterative procedure suggested by Cedolin and Dei Poli( 2 4 ) :  
1- Estimate σ1 ,σ2  from ε1 ,ε2  by using E1,E2  from previous load 
increment or iteration. 
2- Find the stress ratio α1 ,  α2  by substituting values of σ1 ,σ2  in 
eq. (5.3).  
3- Produced a new values of σ1 ,σ2  from eq.(5.14) and eq.(5.15) 
     these steps are repeated until  we reached the correct value of 
σ1 ,σ2 .  
 
Failure is defined as follows: 
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5.3.1 Tension-Tension 
In this stress state, principal strains ε1 ,ε2  are positive and 
checked against limiting values given by eq.(5.12) and eq. (5.13) 
respectively. 
If  ε1>εp(limiting value)then E1=0(Cracking has occurred and 
material is not capable of carrying stresses in this direction). 
The stress-strain relation-ship. 
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Where 
E2=Uniaxial tangent modulus of elasticity can be obtained from 
eq.(5.6)by substituting  α=0  
G= Reduced shear modulus of elasticity to account for the post 
cracking aggregate interlock.  
Also if  ε2>εp  then E2=0  
 
5.3.2 Tension-Compression 
In this stress state, principal strain ε1  is positive and checked 
against limiting value given by eq. (5.10) and ε2  is negative and 
checked against limiting value given by eq. (5.11).  
If  ε1>εp    E1=0   
If ε2>εp    E2=0  
For any of the two cases shear modulus is reduced to G  and if the 
two principal strain ε1 ,ε2  exceeded the limiting values G=0.  
 
5.3.3 Compression-Compression 
In this state of stress the maximum strain ε2  is checked against 
limiting value given by eq.(5.8). 
If  ε2>εp    E1,E2  and G=0  
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5.4 Computation of Unbalanced Loads 
Unbalanced loads result from the assumption of linear behavior 
within each load increment while the true behavior is non-linear. 
All the sources of materials non-linearity result in equilibrium 
violation after a load increment and hence must be taken into 
account upon computing the unbalanced loads. 
For each element the unbalanced forces can be calculated 
according to the following steps: 
1- Calculate unbalanced stresses σu i  from to the following 
expression: 
iiiui DD εσ ])[]([ 1 −= − ………………….………………………………….5.17 
Where 
Di- 1=Material stiffness matrix used in previous iteration. 
Di  = Updated material stiffness matrix. 
ε i   = Updated strain matrix. 
 
2-The unbalanced forces Pu i  corresponding to the unbalanced 
stresses σu i  can be computed according to the following 
expression: 
∫=
A
ui
T
ui dABP }{][}{ σ ………………………………………..…………………………5.18 
Where 
[B]T= transformation matrix. 
 
5.5 Convergence Criteria 
There are two most convenient methods of measuring 
convergence after each iteration: 
 unbalanced loads convergence criteria 
 displacement increment convergence criteria 
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5.5.1 Unbalanced Loads Convergence Criterion 
This measure indicates the amount by which equilibrium is 
violated at any stage of the solution process. There are several 
ways by which unbalanced loads can be used as convergence 
measure. In this investigation the following mathematical 
expression is used: 
5.0
1
2 )(∑
=
=
n
i
uiPε ………………………………………..………………………………..5.19 
This expression is known as the Euclidean norm. 
Where 
n= Total number of degrees of freedom. 
Pu i= Unbalanced load per degree of freedom. 
ε= Absolute error.  
 
5.5.2 Displacement Increments Convergence Criterion 
This measure assesses how close the nodal displacements and 
hence strains and stresses are to their correct values. In this 
investigation the ratio of an incremental displacement after  
iteration to that after a load increment of prespecified degree of 
freedom can be used as convergence measure: 
0u
ui
δ
δε = …………………………….……………………………….………5.20 
Where 
δu i= Incremental displacement after each iteration. 
δu 0= Incremental displacement after each load increment. 
ε= Percentage error. 
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CHAPTER(6) 
APPLICATIONS AND RESULTS  
 
 This chapter demonstrates the applicability of shear resisting 
mechanism models and adequacy of non-linear procedure used in 
computer program. Modeling selected experimental deep beam 
does this. The analytical results are compared with their 
corresponding experimental results obtained by Isreal( 2 1 ) .                                
 
6.1 Specimen Description and Material Properties               
The reinforced concrete deep beam selected for analysis in this 
work is one of experimental deep beams tested by Isrea1( 2 1) .  The 
geometry and cross sectional properties of this specimen are 
shown in Fig.6.1. The main longitudinal reinforcement consists 
of four bars of 10mm diameter with 425 N/mm2 average yield 
stress. This reinforcement was placed in two layers as shown 
.The web reinforcement is provided by using BRC weld mesh 
which consists of plain bars 5.3mm diameter in both direction at 
76.2mm centers. The yield stress of this of this steel is found to 
be 425N/mm2. One layer of mesh is placed at each face of the 
specimen. The main reinforcement bars were anchored to steel 
blocks at their ends to prevent bond failure. To achieve this,  
threaded reinforcing bars were left protruding from the beam end.  
A 96x72x25mm steel block with holes for passing the main 
reinforcing bars through was embedded to each end of specimen 
with cement paste. Nuts were tightened to the bars at both ends.  
Material properties used in this analysis are: 
Uniaxial compressive strength of concrete=49.6N/mm2 
Tensile strength of concrete=3.36N/mm2 
Initial modulus of elasticity of concrete=34.7KN/mm2 
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Yield strength of reinforcement=425N/mm2 
Poisson’s ratio for reinforcement=0.3                                    
Poisson’s ratio for concrete in tension=0.3                              
Poisson’s ratio for concrete in compression=0.2  
Concrete strain in tension=.00257 
Concrete strain in compression=.0002 
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6.2 Experimental Response 
Isreal( 2 )  indicated that the first cracks occurred at an early load 
of 150KN within the central third span. These were flexural 
vertical cracks. These vertical cracks propagated quickly as the 
load increased, penetrating to approximately 2/3 of the depth 
of the beam. Next to appear at 400KN load were inclined 
cracks within the shear span, extending inward and towards the 
top third of the beam. Further inclined cracks were initiated 
close to the support with increasing load, and spreaded toward 
the loading points. At a load of 700KN,the entire section 
joining the supports and the loaded points was cracked and 
after sustaining 800KN load for short period of time, total 
failure occurred. Failure of the beam was typical diagonal 
cracking failure with final extensive crushing of the concrete 
between support and loading points. 
                            
 The following information is obtained from experimental  work 
of Isreal( 2 ) :  
•  Crack pattern. 
•  Mode of failure. 
•  Failure load 
•  Load-displacement curve at center of deep beam. 
•  Stress distribution in vertical section. 
                           
Analytical Response   6.3  
The finite element grid used to model the above deep beam is 
shown in Fig.6.2. The symmetry of the specimen and the 
applied loading permits the idealization and analysis of only 
one half of the beam. At the support the nodes are free to move 
horizontally and vertical displacement degrees of freedom are 
suppressed. Nodes along the centerline are permitted vertical 
movement only and the horizontal degrees of freedom are 
 93
suppressed in order to satisfy the condition of symmetry. 
Idealization of concrete required 77 modified quadrilateral 
elements as shown in Fig.6.2 (a).  Layout of reinforcement 
discretization is shown in Fig.6.2 (b). The main reinforcement 
bars are concentrated in two layers. 12 flexural line elements 
are used to idealize them. The web reinforcement is 
represented by one-dimensional axial bar elements and 114 
such elements are used for this purpose. The bond slip along 
the concrete-main reinforcement interface is modeled by 
defining double nodes with coinciding coordinates along the 
interface. 12 fictitious springs (dimension less) are used to 
connect the concrete and steel.  The layout of the link elements 
discretization is shown in Fig.6.2(c).  Link elements number 1 
and 7 are assigned very high stiffness values to produce the 
effect of hooks near support.                                                    
The discretization of the member according to the above-
mentioned pattern led to 112 nodal points; all  but 12 have two 
translation degrees of freedom each. The 12 nodes connecting 
the main reinforcement element have, in addition to translation 
degrees of freedom, a rotational degree of freedom permitted 
in each.                                                                                 
The load is applied at nodes 109,110 and 111. The load is 
divided into increments, which are applied in percentage of 
failure load.                                                                           
The vertical displacements at the centerline obtained from 
analysis at various load levels are plotted, along with 
experimental displacements as shown in Fig.6.3. Comparison 
between the two curves indicates a good agreement between 
the analytical and experimental results.  
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One of the important advantages of the finite element method is  
 its ability to provide a complete description of the Stress State 
at any section of the beam and at any load level.  
In this analysis the computer output included such information, 
and three types of stress distributions at various load level are 
presented. These are:                                                                 
a) Longitudinal stresses in the two layers of the main 
reinforcement as shown in Fig.6.4 (a) and Fig6.4 (b).       
These are plotted at three different load levels. It is  evident 
that the stresses are increased as the applied load is increased. 
None of the reinforcement segments reached the yield limit at 
failure load level,  which is caused by crushing of concrete 
over support (diagonal crack failure).  We indicated this mode 
of failure by crushing of the following concrete elements: 
    8,9,16,17,24,25,31,32,38,39,46,47,53,54,62,63,69,70,76,77.          
b) The computer analysis also provided the bond stresses in the                  
bond links as shown in Fig.6.5 (a) and Fig.6.5 (b).  These are 
plotted at two load levels. Link 1 and 7 were assigned very high 
stiffness values to reproduce the effect of hooks near the support.  
The bond stress intensity showed characteristic peaks at links 3 
and 9. It  is clear that no bond failure had occurred as it is evident 
from these plots.  Where bond stresses in all  the links remained 
below the maximum bond stress capacity. 
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Fig.6.3 Comparison Between Experimental and Analytical Load-Displaceme
Curve
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Fig.6.4(b) Effect of Load in Main Reinforcement Stresses
(Upper Layer)
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Fig.6.6 Comparison Between Experimental and Analytical Longitudinal Stresses 
at Centre of Span
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Fig.6.7  Effect of Anchorage Length in Load-Dispalacement Curve
0
100
200
300
400
500
600
700
800
900
0 1 2 3 4 5
Lo
ad
,K
N
LOAD-DISPLACEMENT CURVE ACCORDING TO ANCHORAGE
LENGTH 40O
LOAD DISOLACEMENT CURVE ACCORDING TO ANCHORAGE
LENGTH 30O
LOAD-DISPLACEMENT CURVE ACCORDING TO ANCHORAGE
LENGTH 20O
 103
 
 
 
 
 
 
 
Fig .6.8 (a) Effect of Anchorage Length in Bond Stress
(Lower Layer)
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Fig.6.8 (b) Effect of Anchorage Length in Bond stress
(Upper Layer)
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6.4 Conclusions  
Based on the application of the analytical model the following 
conclusions is drived:                                                                         
1-In reinforced concrete deep beams the effect of material non- 
linearity can not taken into account in load-displacement curve 
up to elastic limit.  This is  clear from the fact that diagonal crack 
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does not occurred below the elastic limit.  
                                                                                              
2-Stresses in main longitudinal reinforcement increases toward 
the mid-span but none of the reinforcement segments reach the 
yield limit.  This is indicated from the formation of flexural 
cracks near mid span but this crack is not propagated above the 
elastic limit (flexural failure is not occurred for reinforced 
concrete deep beams).                                                                
 
3-The bond stress in R.C deep beams with proper hooking at 
support increases with increasing the load.                                                   
 
4- In R.C deep beams the effect of anchorage length (hooking) at 
support is taken into account after the diagonal cracking takes 
place (above the elastic limit).                                                     
 
5- Increasing of anchorage length results in reduction of vertical 
displacement and decreasing in bond stress.                                  
 
 
 
 
 
 
 
6.5 Note                                                                                                 
In this analysis it is clear that bond-slip mechanism seems to take 
the major part of shear transfer while the other mechanisms 
aggregate interlock and dowel action take less part.  This is clear 
from the close relation-ship between the experimental and the 
analytical results obtained by considering bond-slip mechanism 
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only. This confirm the conclusion reached by task committee 426 
on shear and diagonal tension ( 1 ) ,  that in reinforced concrete deep 
beams most of the load is transmitted to the support by arch 
action and not transmitted tangential force to the nearby parallel 
plane and thereby reduces the contribution of other types of shear 
transfer mechanism aggregate interlock and dowel action.                              
 
6.6 Further Work 
In this research only the effect of bond-slip mechanism is taken 
into account in the application of computer program for non-
linear problem therefor its recommended to make applications of 
such problem considering the effect of aggregate interlock and 
dowel action mechanisms and study the contribution of each 
mechanism in shear capacity of reinforced concrete deep beams.                     
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 ﻣﻠﺨﺺ
 
ﺍﻟﻼﺧﻄﻴﺔ ،ﻴﻘﺔ ﰲ  ﺍﳊﺎ ﻟﺔ  ﺍﳋﻄﻴﺔﺇﻥ ﺍ ﻟﻐﺮﺽ ﻣﻦ  ﻫﺬﺍ ﺍ ﻟﺒﺤﺚ  ﻫﻮ ﲢﻠﻴﻞ  ﺍ ﻟﻌﺎﺭﺿﺎﺕ ﺍ ﻟﻌﻤ
.  ﺍ ﻟﺘﺤﻤﻴﻞ  ﺍ ﻟﻘﺼﻮﻯﺔﻭﺣـﺎ ﻟ
          
ﺍﺳﺘﺨﺪﻣﺖ ﻃﺮﻳ ﻘﺔ  ﺍ ﻟ ﻌﻨﺎﺻﺮ  ﺍﶈﺪﺩﺓ ﻟﺪﺭﺍﺳﺔ  ﺳﻠﻮﻙ  ﺍ ﻟﻌﺎﺭﺿﺎﺕ  ﺍ ﻟﻌﻤﻴﻘﺔ ﲢﺖ  ﺗﺄﺛﲑ  
 .                 ﺔ ﻟﻼﺧﻄﻴﺔ  ﻣﻊ  ﺍﻷﺧﺬ  ﰲ  ﺍﻻﻋﺘ ﺒﺎﺭ ﻛﻞ ﺍ ﻟﻌﻮﺍﻣﻞ ﺍ ﻟﺮﺋﻴﺴﻴ ﺔ ﺍﳌﺴﺒ ﺒ  ﺍ ﳌ ﺘﺰﺍ ﻳﺪﺓﺍﻷﺣـﻤﺎﻝ
ﻳﻮﺿﺢ ﻫﺬﺍ ﺍ ﻟﺒﺤﺚ ﺟـﻤﻴﻊ  ﺍﻻﻋﺘ ﺒﺎﺭﺍﺕ  ﺍﻷﻭﻟ ﻴﺔ  ﺍﳌﺴﺘﺨﺪﻣﺔ ﻟ ﺘﻤﺜﻴﻞ ﺁﻟﻴﺎﺕ ﻧﻘـﻞ 
ﻭﺍﻧﺰﻻﻕ ﺍ ﻟ ﺘﺮﺍﺑﻂ  ﺑﲔ  ﺍﳋﺮﺳﺎ ﻧﺔ  ﺍ ﻟﻔﻌﻞ ﺍ ﻟﻮﺗﺪﻯ،  ﺗﺮﺍﺑﻂ ﺍ ﻟﺮﻛﺎﻡﻗﻮﻯ ﺍﻟﻘﺺ  ﺍﳌﺨﺘﻠـﻔﺔ
  . ﻭﺣﺪﻳﺪ  ﺍ ﻟﺘﺴﻠﻴﺢ
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  ﻣﺮﺗ ﺒﻄﺔ   ﻣﺴﺘ ﻨﺒﻄﺔ  ﻣﻦ  ﳕﺎﺫﺝ  ﲢﻠ ﻴ ﻠﻴﺔ   ﺗﺮﺍﺑﻂ  ﺍ ﻟﺮﻛﺎﻡ ﺍ ﳌﻌﺎﺩﻻﺕ   ﺍﳌﺴﺘﺨﺪﻣﺔ  ﻟ ﺘﻤﺜﻴﻞ ﺁ ﻟ ﻴﺔ 
ﺧﺎﺻـﺔ  ﺍﺳـﺘﺨﺪﻣﺖ   ﻧ ﺎﺑﻀﺔ ﻠﻴﺔ  ﻹﳚﺎﺩ  ﺇﺟﻬﺎﺩ  ﻭﺟﺴﺎﺀﺓ  ﺍﻟﻘﺺ  ﻷﻋﻀﺎﺀ ﻌﻤﺑ ﺒ ﻴ ﺎﻧﺎﺕ  ﻣ 
ﻣﻘﺎﻭﻣـﺔ  ﺍﳋﺮﺳـﺎ ﻧ ﺔ ، ﻫﺬﻩ  ﺍ ﳌﻌﺎﺩﻻﺕ ﻛﺘﺒﺖ  ﺑﺪﻻﻟ ﺔ ﻋﺮﺽ  ﺍﻟـﺸﻖ .ﻟ ﺘﻤﺜﻴﻞ  ﻫﺬﻩ  ﺍﻵﻟ ﻴﺔ 
 ﻭﻛﺘﺒﺖ  ﺍﳌﻌـﺎﺩﻻﺕ   ﺍ ﻟﻔﻌﻞ  ﺍ ﻟﻮﺗﺪﻯ ﺍ ﺗﺒﻌﺖ  ﻧﻔﺲ  ﺍ ﻟﻄﺮﻳ ﻘﺔ ﻟ ﺘﻤﺜﻴﻞ ﺁ ﻟ ﻴﺔ .ﻭﺇ ﺯﺍﺣﺔ  ﺍﻟﻘﺺ 
   ﺍ ﻟﻮﺗـﺪ ﺇﺟﻬﺎﺩ  ﺍﳋـﻀﻮﻉ  ﻭﺇﺯﺍﺣـﺔ ، ﻠﻴﺢﺍﳋﺎﺻﺔ  ﺬﻩ  ﺍﻵﻟ ﻴﺔ   ﺑﺪﻻﻟ ﺔ ﻗﻄﺮ ﺣﺪﻳﺪ  ﺍ ﻟﺘﺴ 
 .                                     ﻭﻣﻘﺎﻭﻣﺔ  ﺍ ﻟ ﺘﻬﺸﻴﻢ  ﻟﻠﺨﺮﺳﺎ ﻧ ﺔ
ﻧﺎﺑﺾ ﺻﻔﺮﻯ   ﺑﺎﺳﺘﺨـﺪﺍﻡ ﻋﻀﻮ ﻪﺑﺎﺣﺴ ﰎ ﺍ ﻟﺘﻼﺣﻢ  ﺑﲔ  ﺍﳋﺮﺳﺎ ﻧ ﺔ  ﻭﺣﺪﻳﺪ  ﺍ ﻟ ﺘﺴﻠﻴﺢ
 ﰎ  ﺣﺴﺎﺎ ﻣﻦ  ﻣﻌﺎﺩﻻﺕ  ﺗﺴﺘﻨﺪ ﻋﻠﻰ ﺑ ﻴ ﺎﻧﺎﺕ ﺬﺍ ﺍ ﻟﻌﻀﻮ ﺟﺴﺎﺀﺓ  ﺍﻟﻘﺺ ﳍ،ﺍﻷﺑﻌـﺎﺩ
          .ﻌﻤﻠﻴﺔﻣ
 ﻋﻨﺎﺻﺮ  ﺭﺑ ﺎﻋﻴﺔ ﺍﻷﺿـﻼﻉ ﻭﺃﺧﺮﻯ  ﻣﺜﻠـﺜ ﻴﺔ  ﻟﺘﻤـﺜﻴﻞ  ﺍﻷﻋﻀﺎﺀ ﺍﺳﺘﺨﺪﻣﺖ
  ﳍﺎ ﺟﺴﺎﺀﺓ  ﳑﺎﺳﻴﺔ  ﳐﺘ ﻠﻔﺔ  ﺍﳋﻮﺍﺹ  ﺃﻥ  ﺍﳋﺮﺳـﺎ ﻧﺔ  ﻣﺎﺩﺓﺘ ﺒ ﺎﺭ ـﻣﻊ  ﺍﻋﺍﳋﺮﺳـﺎ ﻧ ﻴﺔ 
 ﺍ ﻟ ﺜ ﻨ ﺎ ﺋ ﻴ ﺔ  ﺍ ﻟ ﻌﺎﻣﺔﺎ ﻟ ﺔ ﺍﳊ  ﻣﻦ ﻋﻼﻗﺔ  ﺍﻹﺟﻬﺎﺩ ﻭﺍﻻﻧﻔﻌﺎﻝ  ﻟﻠﺨﺮﺳـﺎ ﻧﺔ ﲢﺖ  ﺗﺄﺛﲑ ﺒﻄﺔﻣﺴﺘ ﻨ
 . ﻟﻺﺟﻬﺎﺩ
 ﺣﻴﺚ ﰎ  ﺍﺳﺘﺨﺪﺍﻡ ﻋﻘﺪﻯ  ﻟﻨﻈـﺎﻡ ﰎ  ﲤﺜﻴﻞ ﺣﺪﻳﺪ ﺍ ﻟﺘﺴﻠﻴﺢ ﰲ ﺻﻮﺭﺓ  ﺃﻋﻀـﺎﺀ ﻣﻮﺻﻠﺔ
   ﻣﻊﺃﻋﻀﺎﺀ ﺫﺍﺕ  ﺑﻌﺪ ﻭﺍﺣﺪ ﺗﻌﻤﻞ  ﻛﻌﻨﺎﺻـﺮ  ﻗﺎ ﺑﻠـﺔ  ﻟﻼﳓﻨ ﺎﺀ ﻭﺃﺧﺮﻯ ﳏـﻮﺭﻳ ﺔ
  .  ﻣﺮﻧﺔ  ﻛﺎﻣﻠﺔ  ﺍ ﻟﻠﺪﻭﻧﺔﺽ  ﺃﻥ ﺣـﺪﻳﺪ ﺍ ﻟﺘﺴـﻠﻴﺢ  ﻣﺎﺩﺓﺍﺍﻓﺘﺮ
 
 
 
 
 
 
 
 112
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
